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Abstract
The functionally graded materials (FGM) were developed originally to resist the high temperature of 
aircraft in the 1980s. With the development and improvement of the manufacturing technology, more and 
more FGM types have been used and studied in practical engineering applications. The present work 
focuses on the stability performance of the heated FGM arch subjected to the pressure field. The material 
properties distribute non-uniformly in the thickness direction of the FGM arch, which may show different 
buckling mechanisms from the conventional uniform materials. It is found the arch expands when the 
thermal field is introduced. The uniform pressure is applied to the arch radially inward, resulting in 
asymmetric or symmetric deformations of the arch. The pressure capacity is evaluated theoretically and 
expressed explicitly based on the minimum potential energy principle. To verify the above analytical 
solution, a simulated model is developed numerically. The numerical pressure capacity is compared 
successfully with the analytical one. In addition, the present theoretical and simulated results are further 
validated by other closed-form expressions. Finally, the effect of geometric and material parameters on the 
stability behavior of the FGM arch are investigated and discussed.
Introduction
Arch-shaped structures are characterized by a high slenderness ratio, which may result in instability issues. 
The buckling behavior of the traditional arch with uniform materials was sufficiently discussed by 
Timoshenko and Gere [1], Simitses and Hodges [2], and Karnovsky [3]. In the present investigation, the 
arch with functionally graded materials (FGM) will be discussed for its collapse performance. It is found 
the non-uniform distributions of the material properties of the FGM arch results in different buckling 
mechanisms from the arch with homogeneous materials.  
Assumptions
The displacement components are shown in Figure 1. The central angle is 𝛼 and the half-length of the arch 
is 𝐿,  where 𝐿 = 𝑅𝛼.  The width is 𝑏 , the thickness is 𝑡 ,  and the radius is 𝑅,  respectively. There are two 
hypotheses assumed. The first one is only the in-plane buckling is considered and the second one is the 
materials are elastic and temperature-dependent.
Figure 1: Displacement components of an FGM arch
Derivation of Buckling Pressure
As shown in Figure 1, displacement is defined as 𝑤 = 𝑤 𝑧, 𝜙 and 𝑣 = 𝑣 𝑧 ,𝜙 represent the radial and the 
tangential displacements, respectively. Following the thin-walled shell theory [12], the displacement 
components are expressed into 






𝑤 𝑧 ,𝜙 = 𝑤0 𝜙 (2)
where 𝑣0 𝜙 is the tangential displacement at the mid-axis and 𝑤0 𝜙 is the radial displacement at the 









and 𝑉𝑚= 1 − 𝑉𝑐 (3)
where 𝑛 (𝑛 ≥ 0) is the volume ratio exponent. Following the rule of mixture, Young’s modulus 𝐸 𝑧 and 
coefficient of thermal expansion 𝜆 𝑧 are expressed as
















where 𝐸𝑐 (𝐸𝑚) is Young’s modulus of the ceramic (metal),  and 𝜆𝑐 (𝜆𝑚 ) is the coefficient of thermal 
expansion of the ceramic (metal), respectively. The total strain 𝜙 are expressed by
















where 0 𝜙 is the circumferential strain at the mid-axis and 𝑧𝜅 is the strain from the bending curvature, 
respectively. The circumferential strain induced by the temperature variation (∆𝑇) is
𝑇 = 𝜆 𝑧 ∆𝑇 (6)
Therefore, the circumferential stress takes the form
𝜎 𝑧 ,𝜙 = 𝐸 𝑧 0 𝜙 + 𝑧𝜅 + 𝑇 (7)
















𝐸 𝑧 0 𝜙 + 𝑇 + 𝑧𝜅 2𝑑𝑉 − 𝑊 (9)




𝑤0 𝜙 𝑑𝑠 (10)
where 𝑊 is the work generated by the pressure, and 𝑃 is the pressure, respectively.
Figure 2: Displacement parameters of the deformed FGM arch
The deformed shape of the FGM arch is shown in Figure 2. Half arch is studied due to symmetry. The 
radial displacement may be described by [14, 15]
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; 𝜙0 ≤ 𝜙 ≤ 𝛼
(11c)






















































𝑑𝑠 = 𝑣0 0 − 𝑣0 𝛼 = 0 (14)






























3 𝜏3 − 𝑃𝑅𝑏𝛼𝑤2 𝜏1 (16)
where ത𝑁 is the averaged circumferential force, and written by





Here, 𝛤1,  𝛤2,  𝛤3 are the stretching, stretching-bending, and bending stiffness respectively, and 𝑁𝑇 ,  𝑀𝑇
are the thermal circumferential force and bending moment, yielding
𝛤1 = 𝑏 −׬ Τ𝑡 2
Τ𝑡 2
𝐸 𝑧 𝑑𝑧 (18a)
𝛤2 = 𝑏׬− Τ𝑡 2
Τ𝑡 2
𝐸 𝑧 𝑧𝑑𝑧 (18b)
𝛤3 = 𝑏׬− Τ𝑡 2
Τ𝑡 2
𝐸 𝑧 𝑧2𝑑𝑧 (18c)
𝑁𝑇 = 𝑏׬− Τ𝑡 2
Τ𝑡 2
𝐸 𝑧 𝜆 𝑧 Δ𝑇𝑑𝑧 (18d)
𝑀𝑇 = 𝑏׬ Τ−𝑡 2
Τ𝑡 2
𝐸 𝑧 𝜆 𝑧 Δ𝑇𝑧𝑑𝑧 (18e)














Simultaneously, the equilibrium path satisfies
𝛿2Π < 0 (20)


































































































































Newton-Raphson iteration will be used to obtain 𝛾𝑐𝑟 and the critical buckling pressure 𝑃𝑐𝑟 .  The specific iteration is 
as follows: defining an initial 𝛾0 , then substituting 𝛾0 into Eq. (28), if 
𝜕𝑃
𝜕𝛾




≥ 0.0001 ,  then define 𝛾2 = 𝛾1 − 0.001…repeating the above process until to find 
𝜕𝑃
𝜕𝛾
< 0.0001 and its 




















where 𝜏1𝑐𝑟 ,  𝜏2𝑐𝑟 ,  𝜏3𝑐𝑟 and 𝛷1𝑐𝑟 correspond to 𝛾 = 𝛾𝑐𝑟 .
Numerical Model
ABAQUS software [16] is used for the simulation. The material properties can be expressed quantitatively into
Λ = Λ0 Λ− 1𝑇 −1 + 1 + Λ1𝑇 + Λ2𝑇2 + Λ3𝑇3 (28)
where Λ−1 ,  Λ0 ,  Λ1 ,  Λ2 and Λ3are constant as shown in Table 1 [17]. The radius of the arch 𝑅= 1 m and the 
thickness 𝑡 = 0.005 m,  respectively. There are twenty layers in the thickness direction, indicating the thickness of 
each layer is 0.00025 m. In the tangential direction, the mesh size is 0.0005 mm. The arch is discrete with 9600 
𝐶𝑃𝑆8𝑅 elements for the case 𝛼 = Τ𝜋 12as shown in Figure 5(a), where 𝐶𝑃𝑆8𝑅 represents eight-node reduced-
integration plane stress elements. The temperature rise (Δ𝑇) is applied before the pressure loading as shown in 
Figure 8(b). 
Figure 5: (a) Mesh, and (b) boundaries of an FGM arch
Comparisons
The numerical results are compared with the analytical solutions of Eq. (27). One may observe the numerical 
buckling pressure are in good agreement with the analytical solutions, and the maximum difference is no more than 
5% for all examined cases with two temperature rises, four different central angles, and five different volume 
fraction exponents, respectively. One more comparison is performed between the present analytical and numerical 
results with the prediction by Pi and Bradford [11] for the homogeneous arch (𝑛 = 0 ). The arch material is ceramic, 
and the material properties depend on Eq. (27). The comparison results are depicted in Figure 12. It is observed the 
present analytical and numerical results agree well with the prediction from Pi and Bradford [11] for the two 
temperature variations. 
Parametric Analyses
Figure 7 describes the effects of the volume fraction exponent on the buckling pressure with Δ𝑇 = 200 𝐾.  The 
buckling pressure decreases with the increase of 𝑛 .  This is because Young’s modulus reduces when 𝑛 increases. 
Multiple equilibrium paths are observed as shown in the report of Pi et al.  [18]. The equilibrium paths with four 
varied temperatures are plotted in Figure 8. It is found the displacement starts from a negative value in the horizontal 
axis due to the thermal effect. Furthermore, the buckling pressure varies slightly with the temperature rise because the 
temperature rise shows two effects on the arch: on one hand, the temperature rise increases the radially-outward 
displacement, which is beneficial to the buckling pressure; on the other hand, the temperature rise reduces Young’s 
modulus, which is unbeneficial to the buckling pressure. Therefore, the buckling pressure may be nonlinear with the 
temperature rise.
Figure 9 depicts the distributions of bending moment through the arch span when the critical buckling occurs. It is 
seen the maximum positive bending moment occurs on the crown (mid-span), while the maximum negative bending 
moment occurs on the position between mid-span and edge, corresponding to the position with the maximum radial 
displacement. Furthermore, a higher temperature rise increases the bending moment. Besides, the bending moment is 
nonlinear to the volume fraction exponent 𝑛 . This is because the thermal moment generates due to the non-uniform 
distribution of material properties in the cross-section. 
The distributions of the hoop force (circumferential force) are shown in Figure 10. It is found the hoop force 
decreases with the increase of 𝑛 ,  and a higher temperature rise results in a lower hoop force. This is because the 
increase of volume fraction exponent and temperature rise will reduce Young’s modulus. A few fluctuations of the 
hoop force are observed, and these fluctuations are neglected in Eq. (17). The hoop force is simplified as constant. 
Such simplification results in an insignificant difference in the buckling pressure as shown in Table 2. Figure 11 
illustrates the distribution of hoop strain and stress in the thickness direction of the mid-span ( Τ𝜙 𝛼 = 0).  It is seen the 
hoop strain is distributed linearly in the thickness direction. Generally, the higher the temperature, the higher the hoop 
strain and stress. However, the stress is distributed nonlinearly due to the non-symmetrical dispersion of Young’s 
modulus in the thickness direction (𝑛 > 0 ).  For a homogeneous arch, the stress is linear in the thickness direction. 
Conclusions
The stability mechanism of the FGM arch is studied. Based on the present analytical and numerical results, several 
main conclusions are drawn:
1. The derived analytical buckling pressure is verified successfully by numerical results. For an arch with 
homogeneity, the present analytical and numerical results are verified successfully by other closed-form 
expressions.
2. The strain and stress of the FGM arch have different distributions from the homogeneous arch due to 
the non-symmetrical material properties in the cross-section.
3. The critical buckling pressure is not linear with the temperature rise field. 
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(a)                                           (b)
Figure 6: Comparisons between the present analytical and 
numerical results,  as well as the prediction from Pi and 
Bradford [11] for (a) Δ𝑇 = 200 𝐾 and (b) Δ𝑇 = 400 𝐾
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(a)                                                      (d)
Figure 7: The equilibrium paths of clamped-clamped FGM 
arches with different volume fraction exponents
(a)                                         (d)
Figure 8: The equilibrium paths of the FGM 
arches under different temperature rises
(a)                                         (b)
Figure 9: The bending moment of the clamped-
clamped arch with different temperature rises
(a)                                         (b)
Figure 10: The hoop force of the clamped-clamped 
arch with different temperature rises
(a)                                 (d)
Figure 11: Distribution of mid-span strain and 
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Table 1: Material Droocrtics ofSUS304 and Si3N4 ;;_,'"' 
A,.(K- 1 ) O 12.33 x 10·• 8.086 x 10·" 0 
E,. (Pa) 2 10 .0♦ x 10• 3.079 x 10·" -6.534 x 10·1 · , .... 
A,(K· 1) S.8723 x 10-• 9.095 x 10-• 0 
E Po O 3♦8.43 x 10• 3.07 >< 10·• 2.J6 x 10- ' 8.946 X 10-II 
A-------8 p ______......... A B 
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